By using the Dugdale model for a crack in a plate, an improved formula was derived for the strain energy release rate, G. The formula has the same form as the solution for a linear elastic plate, except a correction factor is used which corrects for both the effect of yielding and the finite width of the plate. Curves are presented giving the values of the correction factor, and they indicate that the nominal stress to yield stress ratio has a pronounced effect on the strain energy release rate.
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INTRODUCTION
In fracture mechanics theory, G is defined as the plane stress value for the strain energy release rate with crack extension per unit of crack surface area. At onset of unstable crack propagation, the critical strain energy release rate, G , is approximately equal to the plastic energy dissipation rate in the yielded region at the crack tip. The size of the yielded region is assumed to be so small that the elastic stress distribution is unaltered by the presence of the yield zone. Then the strain energy release rate can be calculated by linear elastic analysis methods. Futhermore, G c is assumed to be a material parameter governing the fracture toughness of the material or the resistance to crack extension.
Unfortunately, in actual practice, G has been found to vary with specimen dimensions and with nominal (gross) stress levels. Lorenz (Reference 1) found a definite effect of nominal test stress levels upon measured fracture toughness of centrally cracked panels. Kraft, Sullivan, and Boyle (Reference 2) introduced the concept of crack extension resistance, R, and discussed the variation in R with specimen width and crack length.
To progress with the use of G in fracture mechanics problems it is necessary to derive a more accurate solution for the strain energy release rate which takes into account the plastic deformation at the crack tip. The current practice to correct for the effect of yielding is to arbitrarily assume an increased crack length which extends into the yield zone. The yield zone size is determined by applying a yield criteria to the linear elastic stress field equations. The object of this report is to derive a more reasonable solution for the strain energy release rate by using a model which does not assume that the elastic stress distribution is unaltered by the presence of the yield zone. This is accomplished by using the Dugdale (Reference 3) model for which the yield zone size is formulated from equilibrium considerations. With the Dugdale model, G is obtained by using a method derived by Irwin and Kies (Reference 4). A tension load, P, is assumed to be applied to the plate, and a strain energy function is derived from Greenspan's (Reference 5) formulation for the axial rigidity of the plate. The strain energy function is differentiated with respect to the crack surface area to obtain the strain energy release rate.
AFFDL-TR-65-186

SECTION II
PROBLEM SOLUTION
ADOPTION OF DUGDALE's MODEL
Dugdale's model for a crack in tension under plane stress is shown in Figure 1(a) . The model, derived from the mathematical developments of Muskhelishveli (Reference 6), is based on the following assumptions:
1. Yielding occurs in a narrow wedge shaped zone.
2. The material in the zone is under a uniform tensile yield stress, Y.
3. A Tresca yield criterion is obeyed.
4. The material outside the zone is elastic and bounded internally by a flattened ellipse of length 2(a +p) where a is the half-length of the crack, and p is the length of the plastic extension.
5. The length p is such that there is no stress singularity at the ends of the flattened ellipse.
By determining the plastic zone size in equilibrium with the applied stress, Dugdale obtained the following solution for the plastic extension: where /9 = •=-TT and T is the applied tension stress normal to the crack.
Agreement between the observed and calculated values of p has been exceedingly good. Dugdale's experimental results showed good agreement with theory., Goodier and Field (Reference 7) referred to numerous experimenters who have observed the Dugdale type yield zone. Hahn (Reference 8) has obtained good agreement with theoretical p in tests on thin plates of silicon steel in which the yield zones appeared as those shown in Figure  1 (b). Hahn (Reference 9) also determined that the yield zone configuration begins to approach a narrow, tapered Dugdale type when
where t is the plate thickness. Finally, this writer has observed close agreement with Equation 1 in tests of 0.02 inch thick sheets of AM350 and AM355 steel in which the yield zones were also similar in shape to the one shown in Figure 1 (b).
Hahn (Reference 9) programmed Dugdale's stress-field solution for a computer and determined that some terms in the solution were negligibly small. Ignoring these terms, the stress gradient is described by the equation
where cr is the stress in the y direction, Poisson's ratio is taken as 1/3.
v is the displacement in the y direction.
E is Young's modulus. Equations 3, 4, 5, and 6 make up the solutions for the stress gradient and displacements which are required in the next section to derive the axial rigidity expression.
CALCULATION OF THE AXIAL RIGIDITY
Using the reciprocal theorem in elasticity on a perforated and an unperforated plate, Greenspan derived the following expression for the axial rigidity of a perforated plate subjected to uniaxial tension:
where the coordinates x and y are in the width and length directions, respectively, as shown in Figure 1 (a).
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K is the axial rigidity defined as the ratio of the overall extension of the unperforated plate to that of the perforated plate. P is the uniaxial tensile force applied to the plate.
L is the length of the plate.
u is the y-direction displacement along the perforation which is integrated along the hole boundary.
As shown in Equation 7 , and load, P, and the integral of the displacements along the perforation must be known to determine the axial rigidity, K. Using Equation 3 to calculate P and Equations 4, 5 and 6 to calculate the integral of the displacements, the following expression for the axial rigidity was obtained: 
* Some details of this computation are shown in Appendixes I and II.
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STRAIN ENERGY RELEASE RATE
If a given tension load is applied to a centrally cracked plate, the stored elastic energy is inversely proportional to the axial rigidity, K. Following a development similar to Irwin's, it is necessary to assume an initial load P which would prevail for a given extension e of the plate if the central crack did not exist. Thus, for a plate of thickness t,
where P is any tensile load supported by a plate containing a transverse central crack.
For plane stress, the elastic energy is 
77
= T e o -7T (11) Or, since the crack surface area, A, is equal to Btk,
where T = P / (Bt).
(12)
Finally, using the expression for K in Equation 8, the strain energy release rate for the Dugdale model is
If L»B which is a condition satisfied in many instances, Equation 13 simplifies to
has the same form as the solution for a linear elastic plate, except that 7 is a correction factor which corrects for both the finite width of the plate and the effect of the plastic deformation at the crack tip. To aid in using the correction factor, values of y are listed in Table 1 '/I
The area of the shaded segment of the ellipse shown in Figure 3 gives the value of the desired definite integral. The integral is
where AFFDL-TR-65-186
As just mentioned, Equation 18 is for a crack in an infinite plate and then should probably not be used for k > 0.5.
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APPENDIX II CALCULATING THE LOAD, P Using a method similar to Greenspan's, the load, P, can be determined by integrating the axial stresses along the x axis from x = 0 to the plate edge, x = na. The symbols used for the derivation are shown in Figure 4 . The total load carried by the plate is This simplification was checked numerically, and for the ranges required for T/Y and k, the maximum error that resulted was less than 3 percent.
The integration can be performed by making the following change in variables:
Since cos2/3 is positive for O < T/Y<0.5 and negative for 0.5<T/Y<1, two solutions are required for the integration. After performing the integration, the total load is as follows: A is the plate net cross sectional area at y = O.
Making this substitution, the total load, P, is
where ( Forman, Royce G. 
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